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We probe the phase structure of the regular AdS black holes using the null geodesics. The radius of
photon orbit and minimum impact parameter shows a non-monotonous behaviour below the critical
values of the temperature and the pressure, corresponding to the phase transition in extended phase
space. The respective differences of the radius of unstable circular orbit and the minimum impact
parameter can be seen as the order parameter for the small-large black hole phase transition, with
a critical exponent 1/2. Our study shows that there exists a close relationship between the gravity
and thermodynamics for the regular AdS black holes.
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I. INTRODUCTION
The importance of black hole thermodynamics is in-
disputable due to its intriguing applications, since the
seminal work of Hawking and Bekenstein [1, 2]. The
identification of temperature and entropy from the sur-
face gravity and area of the event horizon, respectively,
enable one to view the black hole as a thermodynamic
system. Interestingly, as in the case of a conventional
thermodynamic system, black holes undergo phase tran-
sitions in a quite lot of ways. However, the phase tran-
sitions of black holes in AdS space have gained wide at-
tention due to their thermal stability. In their pioneering
work, Hawking and Page [3] had shown the possibility of
a phase transition between the thermal radiation and the
large black hole in the AdS cavity. Since the introduction
of proper pressure term using the cosmological constant
in AdS space [4, 5], it was observed that a van der Waals
(vdW) like phase transition is exhibited by the charged
AdS black holes in the extended phase space [6–8]. The
phase transition in this scenario is between the small and
large black holes (SBH-LBH), which is analogous to the
liquid-gas transition in a vdW fluid.
The characteristic features of the material particle in
the very vicinity of the event horizon can be utilized to
unveil the information encoded in the concerned black
hole. This motivation leads us to directly link the analy-
sis of the particle motions, that are affected by the strong
gravity near the compact objects such as a black hole,
neutron stars etc., to the black hole properties. The
study of geodesics of a test particle plays a vital role in
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the understanding of some observational effects such as
the strong gravitational lensing and black hole silhouette,
as well as quasinormal modes [9, 10]. Attempts to un-
ravel the vdW phase transition of a black hole through
astrophysical observations has its roots in quasinormal
mode (QNM) studies [11]. In these studies, it was re-
ported that during the SBH-LBH phase transition, the
slope of the quasinormal mode changes drastically.
Prompted by the study relating the dynamics and ther-
modynamics, in the context of AdS black holes, recently
there were attempts to establish a relationship between
the gravity and thermodynamics [12, 13]. The correla-
tion between the gravity and the critical behaviour is
seen through the unstable null geodesic, which is en-
coded with the phase transition details. The radius of
the photon sphere and the minimum impact parameter
of the photon orbit exhibits an oscillatory behaviour dur-
ing the vdW phase transition. Above the critical point
of phase transition, the behaviour of these quantities be-
come monotonous. This is analogous to the behaviour of
Hawking temperature with horizon radius and entropy.
Another significant result is that the respective differ-
ences in the radius and the minimum impact parameters
act as an order parameter for SBH-LBH phase transi-
tion with a critical exponent 1/2. The phase transition
is scrutinised using photon orbit method for several black
holes in different spacetime backgrounds [14–18]. Stud-
ies related to null geodesics in other contexts have also
appeared in subsequent works [19–21].
The Penrose censorship conjecture states the existence
of singularity dressed by an event horizon [22, 23]. There-
fore all the electrovacuum solutions of Einstein general
relativity are in accordance with such point of view. How-
ever, such conjectures do not forbid us to consider the
regular black hole spacetimes free from the singularity.
Regular black holes were proposed to overcome such sin-
gular points, where the central singularity is replaced by
a repulsive de-Sitter core. In this regard, motivated by
the ideas of Sakharov [24] and Gliner [25], Bardeen pro-
2posed first regular black hole solution [26]. The subse-
quent study of all the regular black holes was inspired by
Bardeen’s idea [27–29]. Later Ayon-Beato-Garcia found
the first exact regular black hole solution of Einstein field
equations coupled to a nonlinear electrodynamic source.
Various properties such as the black hole thermodynam-
ics [30, 31], the rotating black hole shadows [32, 33],
quasinormal modes [34] as well as the strong gravita-
tional lensing [35] have been investigated in the back-
ground of regular black hole spacetimes. Some regular
black hole solutions were also considered in alternative
theories of gravity such as Lovelock gravity [36] and mas-
sive gravity theories [37]. Regular black holes have also
been extended to higher dimensions, to study its horizon
structure and thermodynamical properties [38, 39]. In
our recent work, we have investigated the microstructure
of the regular Hayward black hole using the Ruppeiner
geometry method, where we have reported the existence
of repulsive interaction in the black hole microstructure
[40, 41]. In the present work, we study the phase tran-
sition of regular black holes in AdS spacetime by con-
sidering the correspondence between photon orbits and
the extended phase space thermodynamics. We show the
parametric effect induced in the black hole solution due
to the presence of nonlinear charge.
The organisation of the paper is as follows. In the
next section (II), we present the construction of regular
black hole solutions in general relativity. In section III,
we discuss the phase transition of regular Hayward AdS
black hole using the photon orbits. In section IV we carry
out a similar investigation for the regular Bardeen AdS
black hole. Finally, we conclude the paper in section V.
II. CONSTRUCTION OF REGULAR BLACK
HOLE SOLUTIONS
We first present the regular black holes solutions in
the background of anti-de Sitter spacetime. The solu-
tions we are interested in, the Hayward and the Bardeen
black holes, can be derived from Einstein gravity mini-
mally coupled to nonlinear electrodynamics with negative
cosmological constant Λ given by the action [42],
I = 1
16piG
∫
d4x
√
−gˆ[R− L (F) + 2Λ], (1)
where R and gˆ are the Ricci scalar and the determinant
of the metric tensor, respectively. L(F) is the Lagrangian
density of nonlinear electrodynamics which is a function
of F = FµνFµν with Fµν = 2∇[µAν], the strength tensor
of nonlinear electrodynamics. Varying the action (Eq. 1),
with respect to gµν and Aµ, we have the field equations
of the form,
Gµν + Λgµν = Tµν , (2)
∇µ
(
∂L (F)
∂F
F νµ
)
= 0, ∇µ (∗F νµ) = 0, (3)
where Tµν is energy-momentum tensor, which can be
written as
Tµν = 2
[
LFFµαFαν −
1
4
gµνL (F)
]
, (4)
where LF = ∂L(F)∂F . In this article, we contemplate static
spherically symmetric black holes with magnetic charges.
To construct such black hole solutions, we follow the gen-
eral procedure given as in Ref. [42]. The regular Hayward
black hole solution can be obtained from the Lagrangian
density,
L (F) = 12
α
(αF)3/2(
1 + (αF)3/4
)2 , (5)
with α > 0 which has the dimension of length squared.
The four-dimensional spherically symmetric black hole is
described by
ds2 = −
(
1− 2m(r)
r
)
dt2 +
dr2(
1− 2m(r)r
) + r2dΩ22,(6)
where m(r) is the mass function containing the mass
within radius r and dΩ22 = dθ
2 + sin2 θdφ2, is a 2-
dimensional unit sphere. For a spherically symmetric
spacetime, Fµν admits two non-vanishing components,
Ftr and Fθφ. For a pure magnetic charge only Fθφ sur-
vives. The ansatz for Fµν for a purely magnetically
charged black hole reads,
Fµν = 2δ
θ
[µδ
φ
ν]X (r, θ) . (7)
Utilizing Eq. (7) in Eq. (3) and integrating it, we have,
Fµν = 2δ
θ
[µδ
φ
ν]q (r) sin θ. (8)
Eq. (3) implies dF = 0 which in turn reads q′(r)dr ∧
dθ ∧ dφ = 0, leading to q(r) = constant = Qm. The
constant Qm is identified with the magnetic monopole
charge of the nonlinear electrodynamics. Then, the re-
sulting Maxwell tensor reads with only component,
Fθφ = −Fφθ = −Qm sin θ, (9)
and hence the gauge potential and the Maxwell invariant
for this field turn out to be,
Aµ = Qm cos θδ
φ
µ, F =
2Q2m
r4
. (10)
Using this result the Lagrangian (5) can be casted as,
L (r) = 12
α
(
2αQ2m
)3/2
(
r3 + (2αQ2m)
3/4
)2 . (11)
The two independent non-zero components of the Ein-
3(Eq. 4), can be obtained as
2m′(r)
r2
− Λ = L(r), (12)
m′′(r)
r
− Λ = (L(r) − LF (r)F θφFθφ) . (13)
The solution of Eq.(12) is calculated to be,
m(r) =
2Mr2
r3 + g3
+
Λr3
6
, (14)
where M the mass of the black hole and g the free inte-
gration constant that is related to the magnetic charge
Qm, are identified as,
M = α−1g3, Qm =
g2√
2α
. (15)
Thus, from Eq. (6) the metric for a regular Hayward AdS
black hole in four-dimensional spacetime reads,
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ22, (16)
with the metric function
f(r) =
(
1− 2Mr
2
r3 + g3
− Λr
2
3
)
. (17)
Similar procedures follow for the regular Bardeen AdS
black hole with the following Lagrangian density,
L (F) = 12
α
(αF)5/4(
1 + (αF)1/2
)5/2 . (18)
The corresponding line element for a spherically symmet-
ric spacetime has the same form as Eq. (16), with the
metric function,
f(r) =
(
1− 2Mr
2
(r2 + g2)3/2
− Λr
2
3
)
. (19)
III. REGULAR HAYWARD BLACK HOLE
A. Thermodynamics of Regular Hayward Black
Hole
Here we briefly present the extended thermodynamics
of the regular Hayward black hole. In extended phase
space description, the pressure P is related to the cos-
mological constant Λ as [4, 5],
P = − Λ
8pi
. (20)
The metric function thus takes the form,
f(r) = 1− 2Mr
2
g3 + r3
+
8
3
piPr2. (21)
The horizon of the black hole is characterised by the con-
dition, f(r+) = 0. Using this condition we get,
M =
r+
2
+
4
3
piP (g3 + r3+) +
g3
2r2+
. (22)
The Hawking temperature of the black hole which is as-
sociated to the surface gravity κ is obtained as,
T =
κ
2pi
=
f ′(r)
4pi
∣∣∣∣
r=r+
=
2Pr4+
g3 + r3+
− g
3
2pir+
(
g3 + r3+
) + r2+
4pi
(
g3 + r3+
) . (23)
With these, the first law of thermodynamics reads as,
dM = TdS +ΨdQm + V dP +Πdα, (24)
where Ψ and Π are the variables conjugate to the mag-
netic charge Qm and parameter α, respectively. The en-
tropy and volume of the black hole have the following
non trivial profile,
S =
∫
dM
T
= 2pi
(
r2+
2
− g
3
r+
)
, (25)
V =
(
∂M
∂P
)
S,Qm,α
=
4
3
pi
(
g3 + r3+
)
. (26)
We also note that the definition of entropy S for regular
black hole is not unique, another choice of S from area
law is also possible. Then we have to give up with the
above first law, which is to be modified with a modi-
fied mass M [43]. However these do not alter the phase
transition and related properties of the black hole. The
equation of state reads as,
P =
g3
4pir5+
+
g3T
2r4+
− 1
8pir2+
+
T
2r+
. (27)
The regular black hole exhibits a vdW like critical be-
haviour, which has been studied extensively in the lit-
erature [44]. The first order phase transition takes place
between a small black hole (SBH) phase and a large black
hole (LBH) phase. The critical point of this phase tran-
sition is given by,
TcH =
(
5
√
2− 4√3) (3√6 + 7)2/3
4× 25/6pig , (28)
PcH =
3
(√
6 + 3
)
16× 22/3 (3√6 + 7)5/3 pig2 , (29)
ScH =
(
6
√
6 + 14
)2/3
pig2. (30)
It is clear that the critical values of the thermodynamic
variables depend on the parameter g. Using this, the
reduced thermodynamic variables are defined as,
T˜ =
T
TcH
P˜ =
P
PcH
V˜ =
V
VcH
. (31)
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Figure 1: The effective potential for the regular Hayward
black hole. Here we take black hole horizon r+ = 1, charge
parameter g = 0.8 and pressure P = 0.003. The thick red
line corresponds to the critical angular momentum Lc (corre-
sponding critical impact parameter uc)
B. Geodesic equations of motion
To obtain the relationship between the null geodesics
and the phase transition of the black hole we consider a
free photon orbiting around the black hole on the equa-
torial plane, i.e., θ = pi/2. Then the Lagrangian is,
2L = −f(r)t˙2 + r˙
2
f(r)
+ r2φ˙2. (32)
The dots over variables stand for the differentiation with
respect to an affine parameter. The generalised momenta
corresponding to this Lagrangian can easily be obtained
as,
pt = −f(r)t˙ ≡ E (33)
pφ = r
2φ˙ ≡ L (34)
pr = r˙/f(r). (35)
In the above, E and L are the energy and orbital angu-
lar momentum of the photon, respectively, which are the
constants of motion. The t motion and φ motion can be
written as,
t˙ =
E
f(r)
(36)
φ˙ =
L
r2 sin2 θ
. (37)
The Hamiltonian for the system is,
2H = −Et˙+ Lφ˙+ r˙2/f(r) = 0. (38)
The expression for the radial r motion is rewritten as,
r˙2 + Veff = 0 (39)
where Veff is the effective potential, which has the fol-
lowing explicit form,
Veff =
L2
r2
f(r) − E2. (40)
The behaviour of V˜eff = Veff/E
2 is shown in Fig. 1 for
different values of impact parameter u = L/E.
The accessible region for the photon is Veff < 0, since
r˙2 > 0. From the Fig. 1 it is clear that, the photon
fall into the black hole for small values of u, whereas
it is reflected for large values of u, as it approaches the
black hole. Between these two conditions there is an
unstable circular photon orbit which corresponds to the
critical angular momentum (red thick line in Fig. 1). At
the peak of that particular effective potential the radial
velocity of the photon is zero. The corresponding value
of r at the peak is the radius of the photon sphere. The
unstable circular orbit is characterised by,
Veff = 0 , V
′
eff = 0 , V
′′
eff < 0, (41)
where the prime denotes the differentiation with respect
to r. Expanding the second equation (V ′eff = 0),
2f(rps)− rps∂rf(rps) = 0. (42)
The solution of this gives the radius of photon sphere rps,
rps =
1
4

2
√√√√−8g3M
3
√
Y
+
9M2
2
+
27M3
4
√
9M2
4 +X +
3
√
Y
− 3
√
Y +
√
9M2 + 4
(
X +
3
√
Y
)
+ 3M

 , (43)
where,
X =
8g3M
3
√
27g3M3 +
√
729g6M6 − 512g9M3
, (44)
and
Y = 27g3M3 +
√
729g6M6 − 512g9M3. (45)
The solution of the first equation, (Veff = 0), gives the
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Figure 2: The behaviour of photon sphere radius rps and minimum impact parameter ups with temperature in reduced space
for Hayward case. These plots are for a fixed value of g = 0.8 and the reduced pressure P˜ = 0.7, 0.8, 1, 1.2
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Figure 3: The behaviour of photon sphere radius rps and minimum impact parameter ups with pressure in reduced space for
Hayward case. These plots are for a fixed value of g = 0.8 and the reduced temperature T˜ = 0.8, 0.9, 1, 1.2
minimum impact parameter of the photon,
ups =
Lc
E
=
r√
f(r)
∣∣∣∣∣
rps
. (46)
The explicit form of this can be obtained by using Eq.
(43).
The insight of using the photon sphere parameters rps
and ups to probe the details of the small-large black hole
phase transition, stems from the phenomenon of black
hole lensing [12]. In black hole lensing, the impact pa-
rameter of the photon u has a close connection with the
deflection angle. Larger the impact parameter smaller is
the deflection angle. However, under the limit u → ups
the deflection angle is unbounded [45]. We can relate
these key quantities, rps and ups, to the thermodynamic
variables P and S by using the expression for mass of
the black hole M . rps(P, S) is a complicated expression
which we have not written here. The behaviour rps and
ups against the temperature is studied in reduced pa-
rameter space, Fig. 2(a) and 2(b). The similar study is
carried out for P˜ − r˜ps and P˜ − u˜ps plots for a fixed value
of reduced temperature, Fig. 3(a) and 3(b).
In Fig. 2, both the photon sphere radius and the crit-
ical impact parameter shows non-monotonous behaviour
below the critical pressure. All the isobars for P˜ < 1
have one minimum and a maximum. There is an inflex-
ion point for the isobar P˜ = 1. For all the values above
P˜ = 1, the oscillating behaviour disappears. This be-
haviour of T˜ − r˜ps and T˜ − u˜ps is quite similar to the
isobars in T˜ − S˜ plane for the vdW fluid. On the other
hand the P˜ − r˜ps and P˜ − u˜ps plots shown in Fig. 3 have
similarity with the isotherms of the vdW system in the
P − V plane. These connections indicate that there is
a relationship between the photon orbits and the critical
behaviour of the back hole.
60.5 0.6 0.7 0.8 0.9 1.0
1
2
3
4
5
6
7
T

r
p
s
SBH
LBH
(a) r˜ps vs. T˜
0.5 0.6 0.7 0.8 0.9 1.0
1.0
1.5
2.0
2.5
3.0
T

u
p
s
SBH
LBH
(b) u˜ps vs. T˜
Figure 4: The behaviour of photon sphere radius rps and minimum impact parameter ups of the photon orbit along the
coexistence curve for Hayward case
0.5 0.6 0.7 0.8 0.9 1.0
0
1
2
3
4
5
6
T

Δ
r
p
s
0.980 0.985 0.990 0.995 1.000
0.0
0.1
0.2
0.3
0.4
0.5
0.6
(a) ∆r˜ps vs. T˜
0.5 0.6 0.7 0.8 0.9 1.0
0.0
0.5
1.0
1.5
2.0
T

Δ
u
p
s
0.980 0.985 0.990 0.995 1.000
0.00
0.05
0.10
0.15
0.20
(b) ∆u˜ps vs. T˜
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C. Critical behaviour from unstable photon orbits
We have constructed the equal area law for the T˜ − r˜ps
and T˜ − u˜ps isobars, similar to the isobars in the T˜ − S˜
plane of vdW system. Using those results, we obtained
the behaviour of the radius of the circular orbit and the
minimum impact parameter along the coexistence curve
(Fig. 4). The r˜ps and u˜ps has two branches corresponding
to SBH and LBH phases of the black hole. With the
increase in temperature, both the rps and ups decreases
for the LBH branch, whereas increases for SBH branch.
At the critical value T˜ = 1 both branches share the same
value. The differences ∆r˜ps and ∆u˜ps are plotted against
the reduced temperature T˜ , which is shown in Fig. 5. A
sudden change in ∆r˜ps and ∆u˜ps exists in the regions
corresponding to the first order phase transitions, i.e.,
for T˜ < 1. The difference becomes zero as the critical
value of T˜ is approached, where the second order phase
transition is observed. The behaviour of ∆r˜ps and ∆u˜ps
near the critical point is observed in the inlets of Fig.
5(a) and 5(b). We also note that, near the critical point
the concavity of the curve changes. The behaviour near
the critical point can be assumed to be of the following
form,
∆r˜ps, ∆u˜ps ∼ a× (1− T˜ )δ. (47)
Taking logarithm on both side, we have,
ln∆r˜ps, ln∆u˜ps ∼ δ ln(1− T˜ ) + ln a. (48)
This implies that ln∆r˜ps and ln∆u˜ps are linearly
varies with ln(1 − T˜ ). We numerically fit the curve by
varying T˜ from 0.99 to 0.9999. The numerically obtained
results along with the fitting results are shown in Fig. 6.
The numerical study reveals that, in the vicinity of crit-
ical point,
∆r˜ps = 3.42124(1− T˜ )0.500003, (49)
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are our fitting results.
and
∆u˜ps = 1.15021(1− T˜ )0.500003. (50)
This behaviour, i.e. ∆r˜ps ∼ (1 − T˜ )1/2 and ∆u˜ps ∼
(1 − T˜ )1/2, suggests that ∆r˜ps and ∆u˜ps can serve as
the order parameters to characterise the phase transi-
tion. This, once again confirms our earlier observation
on the connection between the photon orbits and ther-
modynamic phase transitions. The result shows that the
numerical error in the calculation is negligible.
IV. REGULAR BARDEEN BLACK HOLE
In this section, we establish the connection between
thermodynamic phase transition and the null geodesic
for the Bardeen case. The Bardeen solution of the black
hole in AdS spacetime has the following form [42],
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2 (51)
with
f(r) = 1− 2Mr
2
(g2 + r2)
3/2
+
8
3
piPr2. (52)
As before, the pressure P is related to the cosmological
constant Λ as P = −Λ/8pi. The condition f(r+) = 0
yields the mass of the black hole as,
M =
(
g2 + r2+
)3/2 (
8piPr2+ + 3
)
6r2+
. (53)
The Hawking temperature can be easily obtained as,
T =
κ
2pi
=
f ′(r)
4pi
∣∣∣∣
r=r+
=
2Pr3+
g2 + r2+
+
r+
4pi
(
g2 + r2+
) − g2
2pir+
(
g2 + r2+
) . (54)
The first law of thermodynamics has the same form as
that of Hayward case,
dM = TdS +ΨdQm + V dP +Πdα, (55)
with the variables having same meaning. In fact this is
the generic form of the first law in the extended phase
space for black holes with nonlinear electric/magnetic
charges, which can be derived using a covariant approach
[46]. The entropy of the black hole is,
S =
∫
dM
T
= −2pig
3
r+
2F1
(
−3
2
,−1
2
;
1
2
;−r
2
+
g2
)
, (56)
where 2F1 is the Hyper-geometric function. The volume
V can be obtained as,
V =
(
∂M
∂P
)
S,Qm,α
=
4
3
pi
(
g2 + r2+
)3/2
. (57)
Inverting the expression of Hawking temperature (Eq.
54) for pressure we have the equation of state,
P =
g2
4pir4+
+
g2T
2r3+
− 1
8pir2+
+
T
2r+
, (58)
from which an oscillatory behaviour of isotherms below
critical temperature and hence the phase transition is
evident, which is well studied [47]. The critical values
of the thermodynamic variables for this phase transition
are determined, which are,
TcB = −
(√
273− 17)√ 12 (√273 + 15)
24pig
, (59)
PcB =
√
273 + 27
12
(√
273 + 15
)2
pig2
, (60)
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Figure 7: The behaviour of photon sphere radius rps and minimum impact parameter ups with temperature in reduced space
for Bardeen case. These plots are for a fixed value of g = 0.8 and the reduced pressure P˜ = 0.7, 0.8, 1, 1.2
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Figure 8: The behaviour of photon sphere radius rps and minimum impact parameter ups with pressure in reduced space for
Bardeen case. These plots are for a fixed value of g = 0.8 and the reduced temperature T˜ = 0.8, 0.9, 1, 1.2
ScB =
1
2
(√
273 + 15
)
pig2. (61)
As earlier, the critical values depend on the parameter
g. The reduced thermodynamics variables can be de-
fined from these critical variables as before. The study
of coexistent physics is not trivial compared to Hayward
black hole case as the analytical expression for the co-
existence curve is not feasible. Therefore we investigate
the critical behaviour of the black hole numerically in the
next section. The coexistent curve which separates the
SBH and LBH phases of the black hole can be obtained
numerically by using the swallow tail behaviour of the
Gibbs free energy, G =M − TS.
A. Photon Orbit and Phase transition
The geodesic for the photon moving in the equato-
rial plane of regular Bardeen AdS black hole is analysed
in the same line as in Hayward case. The behaviour
of V˜eff = Veff/E is similar to that of Hayward case.
There exists a critical impact parameter uc which defines
the unstable photon orbit. The photon approaching the
black hole with impact parameter u > uc will be scat-
tered and photon with u < uc will be absorbed by the
black hole. However, quantitatively there is a difference
in the effective potential, for example height of the po-
tential barrier is different in Bardeen and Hayward case
for a given value of g.
The expression for the photon orbit radius is obtained
by solving the second relation in Eq. (42) for the Bardeen
background, which has a relatively simple form,
rps =
22/3M2
3
√
Z
+M +
3
√
Z
22/3
, (62)
where,
Z = −15g2M +
√
15
√
15g4M2 − 8g2M4 + 4M3. (63)
With the use of Eq. (62) and Eq. (46) we obtain the
minimum impact parameter ups for the Bardeen case. As
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Figure 9: The behaviour of photon sphere radius rps and minimum impact parameter ups of the photon orbit along the
coexistence curve for Bardeen case
0.2 0.4 0.6 0.8 1.0
0
10
20
30
40
50
60
T

Δ
r
p
s
0.990 0.992 0.994 0.996 0.998 1.000
0.0
0.1
0.2
0.3
0.4
(a) ∆r˜ps vs. T˜
0.2 0.4 0.6 0.8 1.0
0
5
10
15
T

Δ
u
p
s
0.990 0.992 0.994 0.996 0.998 1.000
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
(b) ∆u˜ps vs. T˜
Figure 10: The behaviour of difference of the radii of the circular orbit ∆r˜ps and the difference of the minimum impact
parameter ∆u˜ps along the coexistence curve for Bardeen case. The change of concavity near the critical point is shown in the
inlets
argued earlier, the photon sphere radius and minimum
impact parameter are the key quantities in probing the
phase transition of the black hole. The isobars in T˜ vs.
r˜ps and T˜ vs. u˜ps and isotherms in P˜ vs. r˜ps and P˜
vs. u˜ps planes show the corresponding vdW like phase
transition in regular Bardeen black hole (Fig. 7 and Fig.
8).
Unlike Hayward black hole case, it is not possible to
solve the equal area law analytically for the isobars of
the Bardeen black hole case. We have performed a nu-
merical calculation to obtain the result. Using the result
we studied the behaviour of photon orbit radius rps and
minimum impact parameter ups along the coexistence
line (Fig. 9). Here too, as in Hayward case, there is a
sudden change for rps and ups during the phase transi-
tion. The changes ∆rps and ∆ups along the coexistence
line is also studied numerically (Fig. 10). The behaviour
of the curve is as before. Using the curve fit formula of
the form Eq. (47), the numerical fit yields,
∆r˜ps = 4.04741(1− T˜ )0.507242, (64)
and
∆u˜ps = 1.51445(1− T˜ )0.508615. (65)
This shows that ∆rps and ∆ups serve as order param-
eter of the phase transition with critical exponent 1/2.
The numerical data and fitting results are shown in Fig.
11. In this case the numerical errors are within 1.72%.
Unlike Hayward case a finite tiny error present here as the
coexistence curve also obtained numerically. From the
connection between null geodesics and thermodynamic
phase transition of Bardeen and Hayward cases, we can
ascertain that the result is apparent for any regular space-
time background.
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lines are our fitting results
V. CONCLUDING REMARKS
One of the most intriguing aspect of gravitational the-
ories is the presence of physical singularity at the cen-
tre of black holes. Among the several ways of avoiding
the black hole singularity, the non linear electrodynamics
(NED) coupled to general relativity is widely discussed.
One of the simple NED model which gives well defined
magnetically charged black holes is the generic regular
black holes [42]. The interesting sub classes of this model
are the Hayward and Bardeen black holes. Naturally, it
is compelling to study the physical properties associated
with the regular generic black holes and compare the dif-
ferences and similarities to the generic black holes which
exhibit a physical singularity.
In this article, using the formalism of unstable circular
null geodesics for a class of regular black holes including
Hayward-AdS and Bardeen-AdS spacetimes, we find a
close connection between the gravity and thermodynam-
ics in the extended phase space. The well-known van
der Waals-like phase structure is probed via the photon
orbit radius rps and minimum critical impact parameter
ups. In the reduced parameter space, the isobars and
isotherms in each of these key parameters’ plots show os-
cillatory behaviour below the critical values of the tem-
perature T˜ and the pressure P˜ , respectively. Such be-
haviours are in accordance with the van der Waals-like
phase transition of the black holes. The disappearance of
the first-order phase transition above the critical point is
clearly seen in the isobar and isotherm plots of rps and
ups. Moreover, the differences ∆rps and ∆ups serve as or-
der parameters for the critical behaviour. Furthermore,
near the second-order phase transition points, these dif-
ferences exhibit a change of concavity with critical ex-
ponents δ = 1/2. We studied the behaviour of ∆rps
and ∆ups along the coexistence curve analytically for
Hayward-AdS black hole, whereas, due to the difficulty
in solving Bardeen case we adopted numerical method.
The behaviour of ∆rps and ∆ups near the critical point
are probed numerically in both the cases, with a negligi-
ble error in Hayward case and a mere 1.72% in Bardeen
case. In both cases we are lead to the same inference,
from which we expect that the generic regular black holes
are characterised by the same observed feature.
Our results show that regular black holes are in close
proximity with charged AdS black holes, in phase tran-
sition perspectives. Thus a regular modification to the
electrovacuum solutions of Einstein field equations could
be a possible candidate for probing its thermal proper-
ties. The thermal properties connecting the photon or-
bits may be useful to distinguish the regular black holes
from Kerr one in AdS spacetimes and to test whether or
not the regular black hole candidates are the black holes
predicted by Einstein’s relativity. This is one more in-
teresting peripheral aspect of circular photon orbit which
can disclose the observational signature of the thermody-
namic phase transition. Our speculation is on the ground
that photon orbit has strong astrophysical interest, and
its ability to reflect the black hole phase transition.
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